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DEFORMATIONS OF CONSTANT SCALAR CURVATURE
SASAKIAN METRICS AND K-STABILITY
CARL TIPLER AND CRAIG VAN COEVERING
Abstract. Extending the work of G. Sze´kelyhidi and T. Bro¨nnle to Sasakian
manifolds we prove that a small deformation of the complex structure of the
cone of a constant scalar curvature Sasakian manifold admits a constant scalar
curvature structure if it is K-polystable. This also implies that a small defor-
mation of the complex structure of the cone of a constant scalar curvature
structure is K-semistable. As applications we give examples of constant scalar
curvature Sasakian manifolds which are deformations of toric examples, and
we also show that if a 3-Sasakian manifold admits a non-trivial transversal
complex deformation then it admits a non-trivial Sasaki-Einstein deformation.
1. Introduction
The existence of a Ka¨hler-Einstein metric on a compact Ka¨hler manifold X with
c1(X) > 0 by a famous conjecture of S.-T. Yau [47] is thought to be equivalent
to some geometric invariant theory (GIT) notion of stability of X . G. Tian later
introduced the notion of K-stability [41] and showed that it is a necessary condition
for the existence of a Ka¨hler-Einstein metric. Then S. Donaldson extended the no-
tion of K-stability to any Ka¨hler manifold whose Ka¨hler class is c1(L) for an ample
line bundle L. The Yau-Tian-Donaldson conjecture states that the existence of a
constant scalar curvature Ka¨hler (cscK) metric in c1(L) should be equivalent to the
K-stability, or K-polystablity when there are non-trivial holomorphic vector fields,
of the polarized variety (X,L). It is known from the work of S. Donaldson [12],
J. Stoppa [39] and T. Mabuchi [29] that the existence of a cscK metric implies
K-stability.
Since a Sasakian manifold is essentially an odd dimensional analogue of a Ka¨hler
manifold, and furthermore the category of polarized Ka¨hler manifolds (X,L) em-
beds in the former as the class of regular Sasakian manifold, it is natural to make
a similar conjecture for Sasakian manifolds.
Besides its similarity with Ka¨hler geometry interest in Sasakian manifolds has
had two main motivations. First, the work in Sasaki-Einstein manifolds in the
last fifteen years has been very prolific in producing examples of positive scalar
curvature Einstein manifolds. See for example [6, 5, 26], and the recent survey [38]
and its references, since the literature is too vast to list. The second impetus has
been from theoretical physics with AdS/CFT correspondence which, in the most
interesting dimensions, provides a duality between field theories and string theories
on AdS5×M where supersymmetry requires the five dimensional Einstein manifold
M to have a real Killing spinor (see [30, 25, 2, 32]).
A polarization of a Sasakian manifold M is given by a Reeb vector field ξ and
the cone Y = (C(M), ξ) is an affine variety polarized by ξ. T. Collins and G.
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Sze´kelyhidi [42] defined the notion of a test configuration for a polarized affine vari-
ety (Y, ξ) and were able to define K-polystability by extending the Futaki invariant
to singular polarized affine varieties. They proved that existence of a constant
scalar curvature Sasakian (cscS) metric implies K-semistability. This generalizes
earlier work of J. Ross and R. Thomas [36] which defined K-stability for polarized
Ka¨hler orbifolds and proved that the existence of a cscK orbifold metric implies
K-semistability. Collins and Sze´kelyhidi extended this result to irregular Sasakian
manifolds.
There are already well known obstructions to the existence of a Sasaki-Einstein
or cscS metric on a polarized Sasakian manifold. There is the Futaki invariant [7, 20]
which is defined just as for Ka¨hler manifolds, and there are the volume minimization
results of Martelli, Sparks and Yau [31]. Also there are the Lichnerowicz and
Bishop obstructions of [21], which are only non-trivial for non-regular Sasakian
manifolds. But most of the research in Sasaki-Einstein manifolds has concentrated
on proving existence of examples using sufficient conditions which are probably far
from necessary. However the above results make the following conjecture natural.
Conjecture 1. Let (M, ξ) be a Sasakian manifold polarized by the Reeb vector field
ξ with polarized affine cone (Y, ξ). Then there exists a cscS structure compatible
with ξ and the fixed complex cone Y = C(M) if and only if (Y, ξ) is K-polystable.
This article is concerned with a local study of stability. That is given a cscS man-
ifold (M, ξ, g) with its polarized affine cone (Y, ξ), we consider small deformations
of the complex structure (Yt, ξ)t∈U preserving ξ. We use the contact perspective
of W. He [23], which is analogous to the study of Ka¨hler structures by fixing the
symplectic form and varying the almost complex structure due to S. Donaldson [10].
Thus we fix a contact manifold (M, η, ξ) and consider the space K of (1, 1)-tensors Φ
inducing the transversal almost complex structure of a structure (gΦ, η, ξ,Φ) which
is Sasakian if Φ is integrable. The action of the exact contactomorphism group G
is then Hamiltonian with moment map
µ : K → C∞b (M)0,
µ(Φ) = s−s0 the scalar curvature of gΦ and C∞b (M)0 are smooth functions invariant
under the Reeb flow with zero average.
If one fixes a transversal complex structure J one gets the space of compatible
Sasakian structures S(ξ, J¯), which is analogous to the space of Ka¨hler metrics in a
fixed Ka¨hler class. We are able to prove the following.
Theorem 2. Let (M, η, ξ,Φ0) be a cscS manifold and (M, η, ξ,Φ) a nearby Sasakian
manifold with transverse complex structure J¯ . Then if (M, η, ξ,Φ) is K-polystable,
there is a constant scalar curvature Sasakian structure in the space S(ξ, J¯).
The proof of Theorem 2 uses a technique of G. Sze´kelyhidi [40] of constructing a
finite dimensional slice to the action of the “complexification” GC of the contacto-
morphism group, and reducing the problem to one of finite dimensional geometric
invariant theory. T. Bro¨nnle [8] also obtained similar results independently.
An application of this technique is in determining when a small deformation J of
the transversal complex structure of a cscS metric (M, η, ξ,Φ0) admits a compatible
cscS structure in S(ξ, J¯). This is reduced to the polystability of the corresponding
orbit of GG, G = Aut(η, ξ,Φ0), on H
1(B•) where B• is the appropriate deformation
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complex. This problem has been considered by the second author using analytic
methods in [45, 44].
A consequence of this technique is the following result extending the result of [42].
Theorem 3. Let (M, η, ξ,Φ0) be a cscS manifold. Then a small deformation
(M, η, ξ,Φ) fixing the Reeb vector field is K-semistable.
In the final section we give some examples of toric cscS manifolds admitting
polystable deformations and thus cscS deformations, and also non-polystable de-
formations. We also show that “real” deformations of a 3-Sasakian manifold are
polystable. This shows that any 3-Sasakian manifold with non-trivial deformations
of the transversal complex structure admits a non-trivial Sasaki-Einstein deforma-
tion.
1.1. Acknowledgments. This work has been presented for the first time at the
18th International Symposium on Complex Geometry at Sugadaira. The first au-
thor would like to thank the organizers for their invitation and hospitality. The
authors want to thank Professors Charles Boyer, Akito Futaki, Tama´s Ka´lma´n,
Toshiki Mabuchi and Christina Toennesen-Friedman for their interest in this work.
We would also like to thank the reviewer for helpful comments which led to a
revision of Proposition 3.3.1.
2. Background on Sasakian manifolds, canonical metrics and
K-stability
2.1. Sasakian structures. First we recall the definition of a Sasakian manifold
and basics of Sasakian geometry. We refer the reader to the monograph [4] for more
details.
Definition 2.1.1. A Riemannian manifold (M, g) is a Sasakian manifold if the
metric cone (C(M), g) = (R>0 × M,dr2 + r2g) is Ka¨hler with respect to some
complex structure I, where r is the usual coordinate on R>0.
Thus the dimension n of M is odd and denoted n = 2m + 1, while C(M) is a
complex manifold with dimC C(M) = m+ 1.
In the following we will characterize Sasakian manifolds as a special type of
metric contact structure. We will identify M with the submanifold {1} ×M ⊂
C(M). Let r∂r be the Euler vector field on C(M), we define a vector field tangent
toM by ξ = Ir∂r. Then r∂r is real holomorphic, ξ is Killing with respect to both g
and g, and furthermore the orbits of ξ are geodesics on (M, g). Define η = 1
r2
ξ y g,
then we have
(1) η = −I
∗dr
r
= dc log r,
where dc =
√−1(∂ − ∂). If ω is the Ka¨hler form of g, i.e. ω(X,Y ) = g(IX, Y ),
then Lr∂rω = 2ω which implies that
(2) ω =
1
2
d(r∂r yω) =
1
2
d(r2η) =
1
4
ddc(r2).
From (2) we have
(3) ω = rdr ∧ η + 1
2
r2dη.
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We will use the same notation to denote η and ξ restricted toM . Then (3) implies
that η is a contact form with Reeb vector field ξ, since η(ξ) = 1 and Lξη = 0. Then
(M, η, ξ) is a contact manifold.
Let D ⊂ TM be the contact distribution which is defined by
(4) Dx = ker ηx
for x ∈M . Furthermore, if we restrict the almost complex structure toD, J := I|D,
then (D, J) is a strictly pseudoconvex CR structure on M . There is a splitting of
the tangent bundle TM
(5) TM = D ⊕ Lξ,
where Lξ is the trivial subbundle generated by ξ. Define a tensor Φ ∈ End(TM)
by Φ|D = J and Φ(ξ) = 0. Then we denote the Sasakian structure by (g, η, ξ,Φ).
Definition 2.1.1 is the simplest definition of a Sasakian structure, but a Sasakian
structure is also frequently defined as a metric contact structure satisfying an ad-
ditional normality condition. We give some details that are needed in this article
but for more details see [4].
Assume for now that we merely have a contact manifold (M, η, ξ), with Reeb
vector field ξ.
Definition 2.1.2. A (1, 1)-tensor field Φ : TM → TM on a contact manifold
(M, η, ξ) is called an almost contact-complex structure if
Φξ = 0, Φ2 = −Id+ ξ ⊗ η.
An almost contact-complex structure is called K-contact if in addition, LξΦ = 0.
An almost contact-complex structure Φ is compatible with a metric g if
g(ΦX,ΦY ) = g(X,Y )− η(X)η(Y ), for X,Y ∈ Γ(TM).
If g is a compatible metric and
g(ΦX,Y ) =
1
2
dη(X,Y ), for X,Y ∈ Γ(TM),
then (g, η, ξ,Φ) is a called a metric contact structure. If in addition the Reeb vector
field ξ is Killing, then it is called a K-contact metric structure.
Definition 2.1.3. An almost contact-complex structure Φ on a contact manifold
(M, η, ξ) is compatible with η if
dη(ΦX,ΦY ) = dη(X,Y ), and dη(X,ΦX) > 0 for X ∈ ker η, X 6= 0.
If Φ is compatible with η, then one defines a Riemannian metric by
gΦ(X,Y ) =
1
2
dη(X,ΦY ) + η(X)η(Y ),
and (η, ξ,Φ, gΦ) is a contact metric structure on M . This metric structure is K-
contact if LξΦ = 0, that is Φ is K-contact. Henceforth, we will only consider
compatible almost contact-complex structures.
If (η, ξ,Φ, gΦ) is K-contact, because
dη(X,Y ) = 2gΦ(ΦX,Y ),
we have Φ = ∇ξ, where ∇ is the Levi-Civita connection of gΦ.
If (η, ξ,Φ, g) is a contact metric structure, then we define Φ to be normal if
(6) NΦ(X,Y ) = dη(X,Y )⊗ ξ for all X,Y ∈ Γ(TM),
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where NΦ is the Nijenhuis tensor
NΦ(X,Y ) := −Φ2[X,Y ]+Φ([ΦX,Y ]+[X,ΦY ])−[ΦX,ΦY ], for all X,Y ∈ Γ(TM).
A Sasakian structure (η, ξ,Φ, g) can be defined as a normal contact metric structure.
Note that (6) implies that LξΦ = 0, so it is K-contact.
One can alternatively define a Sasakian structure to be a K-contact metric
structure (η, ξ,Φ, g) for which the CR structure (D, J), where Dx := ker ηx and
J := Φ|D, is integrable, that is
(7) N(D,J) ≡ 0,
It turns out (see [4]) that (6) is equivalent to LξΦ = 0 and (7) for a metric contact
structure (η, ξ,Φ, g).
We define an almost K-contact-complex structure Φ to be integrable if (7) holds.
If Φ is a K-contact almost contact-complex structure compatible with η, then
(η, ξ,Φ, gΦ) is Sasakian if and only if Φ is integrable.
One can also define a Sasakian structure, compatible with a Riemannian metric
g, to be a unit length Killing field ξ such that the tensor ΦX = ∇Xξ satisfies the
condition
∇XΦ(Y ) = g(ξ, Y )X − g(X,Y )ξ.
See [4] for details.
We will frequently denote a Sasakian structure by (g, η, ξ,Φ) even though spec-
ifying (g, ξ), (g, η), or (η,Φ) is enough to determine the Sasakian structure.
2.2. Transverse Ka¨hler structure. The Reeb foliation Fξ on M generated by
the action of ξ will be important in the sequel. Note that it has geodesic leaves but
in general the leaves are not compact. If the leaves are compact, or equivalently
ξ generates an S1-action, then (g, η, ξ,Φ) is said to be a quasi-regular Sasakian
structure, otherwise it is irregular. If this S1 action is free, then (g, η, ξ,Φ) is said
to be regular. In this last case M is an S1-bundle over a manifold X , which we will
see below is Ka¨hler. If the structure is merely quasi-regular, then the leaf space has
the structure of a Ka¨hler orbifold. In general, in the irregular case, the leaf space
is not even Hausdorff but we will make use of the transversally Ka¨hler property of
the foliation Fξ which we discuss next.
The vector field ξ−√−1Iξ = ξ+√−1r∂r is holomorphic on C(M). If we denote
by C˜∗ the universal cover of C∗, then ξ +
√−1r∂r induces a holomorphic action
of C˜∗ on C(M). The orbits of C˜∗ intersect M ⊂ C(M) in the orbits of the Reeb
foliation generated by ξ. We denote the Reeb foliation by Fξ. This gives Fξ a
transversely holomorphic structure.
The foliation Fξ together with its transverse holomorphic structure is given by
an open covering {Uα}α∈A and submersions
(8) Πα : Uα →Wα ⊂ Cm
such that when Uα ∩ Uβ 6= ∅ the map
Φβα = Πβ ◦Π−1α : Πα(Uα ∩ Uβ)→ Πβ(Uα ∩ Uβ)
is a biholomorphism.
Note that on Uα the differential dΠα : Dx → TΠα(x)Wα at x ∈ Uα is an iso-
morphism taking the almost complex structure Jx to that on TΠα(x)Wα. Since
ξ y dη = 0 the 2-form 12dη descends to a form ω
T
α on Wα. Similarly, g
T = 12dη(·,Φ·)
satisfies LξgT = 0 and vanishes on vectors tangent to the leaves, so it descends to
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an Hermitian metric gTα on Wα with Ka¨hler form ω
T
α . The Ka¨hler metrics {gTα}
and Ka¨hler forms {ωTα} on {Wα} by construction are isomorphic on the overlaps
Φβα : Πα(Uα ∩ Uβ)→ Πβ(Uα ∩ Uβ).
We will use gT , respectively ωT , to denote both the Ka¨hler metric, respectively
Ka¨hler form, on the local charts and the globally defined pull-back on M .
If we define ν(Fξ) = TM/Lξ to be the normal bundle to the leaves, then we can
generalize the above concept.
Definition 2.2.1. A tensor Ψ ∈ Γ((ν(Fξ)∗)⊗p⊗ ν(Fξ)⊗q) is basic if LVΨ = 0
for any vector field V ∈ Γ(Lξ).
Note that it is sufficient to check the above property for V = ξ. Then gT and
ωT are such tensors on ν(Fξ). We will also make use of the bundle isomorphism
Π : D → ν(Fξ), which induces an almost complex structure J on ν(Fξ) so that
(D, J) ∼= (ν(Fξ), J) as complex vector bundles. Clearly, J is basic and is mapped
to the natural almost complex structure on Wα by the local chart dΠα : Dx →
TΠα(x)Wα.
To work on the Ka¨hler leaf space we define the Levi-Civita connection of gT by
(9) ∇TXY =
{
Πξ(∇XY ) if X,Y are smooth sections of D,
Πξ([V, Y ]) if X = V is a smooth section of Lξ,
where Πξ : TM → D is the orthogonal projection onto D. Then ∇T is the unique
torsion free connection on D ∼= ν(Fξ) so that ∇T gT = 0. Then for X,Y ∈ Γ(TM)
and Z ∈ Γ(D) we have the curvature of the transverse Ka¨hler structure
(10) RT (X,Y )Z = ∇TX∇TY Z −∇TY∇TXZ −∇T[X,Y ]Z,
and similarly we have the transverse Ricci curvature RicT and scalar curvature sT .
We will denote the transverse Ricci form by ρT . From O’Neill’s tensors computation
for Riemannian submersions [34] and elementary properties of Sasakian structures
we have the following.
Proposition 2.2.2. Let (M, g, η, ξ,Φ) be a K-contact manifold of dimension n =
2m+ 1, then
(i) Ricg(X, ξ) = 2mη(X), for X ∈ Γ(TM),
(ii) RicT (X,Y ) = Ricg(X,Y ) + 2g
T (X,Y ), for X,Y ∈ Γ(D),
(iii) sT = s+ 2m.
Definition 2.2.3. A constant scalar curvature Sasakian (cscS) manifold (M, g, η, ξ,Φ)
is a Sasakian manifold with sT constant, or equivalently sg constant.
It will be convenient at times to consider the larger class of K-contact structures
(g, η, ξ,Φ) compatible with (M, η, ξ). In this case moment map of [10, 23] is the
scalar curvature of the Chern connection ∇c on (ν(Fξ), J)
∇cXY = ∇TXY −
1
2
J∇TXJ(Y ).
So in considering K-contact structures we will consider a different sTc than in Propo-
sition 2.2.2.
Let S(ξ) be the space of Sasakian structures (g˜, η˜, ξ˜, Φ˜) onM with ξ˜ = ξ. For any
(g˜, η˜, ξ˜, Φ˜) ∈ S(ξ) the 1-form β = η˜− η is basic, so [dη˜]b = [dη]b, where [ · ]b denotes
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the basic cohomology class of a basic closed form. Thus [ωT ]b ∈ H2b (M/Fξ,R)
(see [4] for more on basic cohomology) is the same for every Sasakian structure
in S(ξ). Thus, as first observed in [7], fixing the Reeb vector field is the closest
analogue to a polarization in Ka¨hler geometry, and we say that the Reeb vector
field ξ polarizes the Sasakian manifold.
We will consider the space of Sasakian structures S(ξ, J) with fixed Reeb vector
field and fixed transversal complex structure J . We define
(11) HΦ = {φ ∈ C∞b (M) : ηφ ∧ (dηφ)n 6= 0}
where for any φ ∈ H, we define a new Sasakian structure (ηφ, ξ,Φφ, gφ) with the
same Reeb vector field ξ such that
(12) ηφ = η + d
c
bφ, Φφ = Φ− ξ ⊗ dcbφ ◦ Φ,
the transversal Ka¨hler form is ωTφ =
1
2dηφ =
1
2dη +
1
2dbd
c
bφ, and gφ is as in Defini-
tion 2.1.3.
Note that D and Φφ vary but (ηφ, ξ,Φφ, gφ) has the same transverse holomorphic
structure and same complex structure on C(M) as (η, ξ,Φ, g) (Prop. 4.1 in [20]).
On the other hand, if (η˜, ξ, Φ˜, g˜) ∈ S(ξ, J) is another Sasakian structure with the
same Reeb vector field ξ and the same transverse complex structure, then there
exists unique functions φ ∈ H, ψ ∈ C∞b (M) up to addition of a constant and
α ∈ H1b a harmonic 1-form such that
(13) η˜ = η + α+ dcbφ+ dbψ,
See [7, Lemma 3.1]. Note that ψ is given by a gauge transformation exp(ψξ) of
M . Since α and dbψ do not effect the transversal Ka¨hler structure they will not be
important. Thus S(ξ, J¯) can be viewed as the analogue of the set of Ka¨hler metrics
in a fixed Ka¨hler class.
Boyer-Galicki-Simanca [7] proposed to seek the extremal Sasakian metrics to
represent S(ξ, J¯), by extending Calabi’s extremal problem to Sasakian geometry.
We denote by M(ξ, J) the metrics associated with Sasakian structures in S(ξ, J).
We define the Calabi functional by
(14) M(ξ, J)
Cal−→ R
g 7→ ∫
M
(s− s0)2 dµg,
where s0, the average of s is independent of the structure in S(ξ, J¯). By Propo-
sition 2.2.2.iii s0 = s
T
0 − 2m where
sT0 =
∫
M
sT dµ∫
M
dµ
=
∫
M
4mπc1(Fξ) ∧ η ∧
(
ωT
)m−1∫
M
η ∧ (ωT )m .
A Sasaki-extremal metric g ∈M(ξ, J) is a critical point of Cal. As in the Ka¨hler
case, the Euler-Lagrange equations of (14) show that this is equivalent to the basic
vector field ∂#g sg := (∂sg)
# being transversely holomorphic. Thus constant scalar
curvature Sasakian metrics are examples, and furthermore a Sasaki-extremal metric
is of constant scalar curvature precisely when the transversal Futaki invariant is zero
(cf. [7]). The results of this article can be extended to Sasaki-extremal metrics using
relative K-stability.
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2.3. Moment map interpretation. We will be interested in finding constant
scalar curvature Sasakian metrics. Although, much of what follows can be applied
more generally to Sasaki-extremal metrics by considering that as a relative version
of the cscS case. In [23] W. He gave an interpretation of this problem in term of a
moment map, as Donaldson did for the cscK case [10].
Let G be the group of strict contactomorphisms. This is the group of diffeomor-
phisms f :M →M which satisfy f∗η = η. It has Lie algebra
Lie(G) = {X ∈ Γ(TM), LXη = 0},
the space of strict contact vector fields. The space of basic functions C∞b (M) is
isomorphic to Lie(G). For any X ∈ Lie(G) define HX = η(X), and conversely for
each basic function H ∈ C∞b (M) , there exists a unique strict contact vector field
X = XH ∈ Γ(TM) which satisfies
H = η(X), X y dη = −dH.
The Poisson bracket is then defined by
{F,H} = η([XF , XH ]),
and H 7→ XH is a Lie algebra isomorphism.
We will use the natural G-invariant L2 inner product on C∞b (M)
(15) 〈f, h〉 =
∫
M
fh dµ,
where dµ = (2mm!)−1η ∧ (dη)m is a volume form determined by η.
The group of strict contactomorphisms G acts on the space K of K-contact
structures which are compatible with η via
(f,Φ)→ f∗Φf−1∗ .
Moreover, K can be endowed with a Ka¨hler structure [23] for which it is an
infinite dimensional symmetric space and for which G acts by biholomorphisms and
isometries. First note that
TΦK = {A ∈ End(TM) : Aξ = 0, LξA = 0, AΦ+ΦA = 0, dη(AX, Y )+dη(X,AY ) = 0, ∀X,Y ∈ Γ(TM) }.
An almost-complex structure J is defined on K by
JA = ΦA.
To each Φ ∈ K, with η we can associate a Sasakian metric gΦ which induces a
metric on tensors. We define on K a weak Riemannian metric
gK(A,B) =
∫
M
〈A,B〉gΦ dµη
=
∫
M
tr(AB) dµη
which is Hermitian with respect to J
Let Φ0 be a fixed K-contact structure. Let EndS,Φ0(D) be the basic endomor-
phisms of D = ker η symmetric with respect to gT0 and anti-commuting with Φ0.
For convenience we identify an endomorphism of D with an endomorphism of TM
by acting by zero on the second factor of (5). Define
(16) KΦ0 := {Q ∈ EndS,Φ0(D) : Id−Q2 > 0 }.
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We have a chart
(17)
ΨΦ0 : KΦ0 → K
Q 7→ Φ0(Id+Q)(Id−Q)−1
One can show that ΨΦ0 is a bijection. Furthermore, one can easily compute the
differential dΨΦ0 of ΨΦ0 at Q
dΨΦ0 : EndS,Φ0(D)→ TΦK
A 7→ 2Φ0(Id−Q)−1A(Id −Q)−1,
and check that dΨΦ0 ◦J = J ◦ dΨΦ0 , where J is the complex structure A 7→ Φ0 ◦A
on KΦ0 . Therefore the maps (17) are holomorphic charts. Also, arguments as in
the symplectic case show that the 2-form
ΩK(A,B) =
∫
M
tr(ΦAB) dµη ,
is closed. See [18] and [37] for more details.
DefineKsΦ0 , s > n+1, as in (16) but with sections in Sobolev space L
2,s(EndS,Φ0(D)),
and consider the charts (17) on KsΦ0 . The above arguments show that the space
of L2,s K-contact structures Ks is a smooth complex Hilbert manifold. And K has
the structure of a smooth complex ILH-manifold.
An almost contact-complex structure Φ0 can also be identified with a splitting
D ⊗ C ∼= ν(Fξ)⊗ C = T 1,0(Φ0)⊕ T 0,1(Φ0),
into
√−1 and −√−1 eigenspaces of Φ0.
Suppose Φ0 is a K-contact complex structure. If Φ is another K-contact complex
structure then Φ = Φ0(Id+Q)(Id−Q)−1, with Q ∈ KΦ0 . If we extend Q to
Q : ν(Fξ)⊗ C→ ν(Fξ)⊗ C,
then
Q =
(
0 P
P 0
)
,
where P : T 1,0(Φ0)→ T 0,1(Φ0).
This gives a useful complex parametrization of K.
Proposition 2.3.1. Given a K-contact complex structure Φ0, the manifold K is
parameterized by operators P : T 1,0(Φ0)→ T 0,1(Φ0) satisfying the following:
(i) After lowering an index P ♭ ∈ Γ(S2(Λ1,0b )), basic symmetric tensors, and
(ii) Id− PP > 0.
And one has
T 1,0(Φ) = Im(Id− P ), T 0,1(Φ) = Im(Id− P ),
where Φ = Φ0(Id+Q)(Id−Q)−1, Q = 12 (P + P ).
The subspace Ki ⊆ K of Sasakian structures is the subvariety for which (7) is
satisfied. In the complex parametrization this can be written
N(P ) = ∂bP + [P, P ] = 0.
The main result of [23] extends the work of [10] to give the following.
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Theorem 2.3.2. The map µ : K → C∞b (M)0 with µ(Φ) = sT (Φ) − sT0 is an
equivariant moment map for the G-action on K, where C∞b (M)0 is identified with
its dual under the pairing (15).
Here sT denotes the Hermitian scalar curvature when Φ is not in Ki.
The Lichnerowicz operator
(18) PΦ : C∞b (M)→ TΦK,
PΦ(H) = LXHΦ gives the infinitesimal action of G on K.
The theorem reads
(19) ΩK(PΦ(H), A) = 〈H,DsT (A)〉, ∀A ∈ TΦK.
If we were in the finite dimensional situation, then the Kempf-Ness theorem
would lead to the identification
Ks//GC = µ−1(0)/G,
where Ks are the polystable points in K and GC is the complexified group. A
constant transverse scalar curvature metric, which is a zero point of the moment
map µ, would correspond to a polystable complex orbit of the GC action.
But there are two problems in this situation. First, in this infinite dimensional
situation there is no local compactness allowing the usual arguments. And secondly,
the complexification GC of G does not exist as a group.
Although GC does not exist we can define the action of the complexified Lie
algebra C∞b (M,C) of G on K since it is a complex manifold. We extend (18) to
(20) PΦ : C∞b (M,C)→ TΦK,
by taking
√−1H , H ∈ C∞b (M) to ΦLXHΦ. Then we say that a smooth path
Φ(t) ∈ K lies in an orbit of GC if
(21) Φ˙(t) ∈ ImPΦ(t), ∀t.
Note that the integrability of Φ ∈ Ki does not imply that LΦXφΦ equals ΦLXφΦ.
In fact, an easy computation using (6) shows that
(22) LΦXφΦ(Y ) = ΦLXφΦ(Y ) + dφ(Y )⊗ ξ, for Y ∈ TM.
But this shows one does have equality on the level of the transverse Ka¨hler structure
(ωT , J), since the last term acts trivially on basic forms.
Proposition 2.3.3. Let (M, η, ξ,Φ, g) be Sasakian. Then up to a diffeomorphism
preserving the Reeb foliation Fξ the GC orbit of Φ consists precisely of all structures
(ηφ, ξ,Φφ, gφ) with φ ∈ C∞b (M) as in (12).
Proof. Let φ ∈ HΦ. Define the Sasakian structure (ηt, ξ,Φt), 0 ≤ t ≤ 1,
(23) ηt = η + td
cφ, Φt = Φ− tξ ⊗ dφ.
Let Xtφ be the strict contact vector field for ηt with Hamiltonian φ, and define
Vt = ΦtX
t
φ. We have
LVtηt = Vt y dηt = −dcφ.
If ft is the flow associated to Vt, then
d
dt
f∗t ηt = f
∗
t LVtηt + f∗t dcφ = 0.
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Therefore f∗t ηt = η, and the structure (ηt,Φt) is isometric to (η, f
∗
t Φt), where
f∗t Φt = f
−1
t∗ ◦ Φt ◦ ft∗.
We claim that (η, f∗t Φt) is in the orbit of GC. In fact
d
dt
f∗t Φt = f
∗
t LVtΦt + f∗t
(−ξ ⊗ dφ)
= f∗t
(
ΦtLXt
φ
Φt
)
=
(
f∗t Φt
)LXf∗
t
φ
(
f∗t Φt
)
,
(24)
where Xf∗t φ is the contact vector field for η with Hamiltonian f
∗
t φ. Thus f
∗
t Φt
satisfies (21).
Conversely, suppose that Φt is a smooth path of almost contact-complex struc-
tures so that (η, ξ,Φt) is Sasakian and Φ0 = Φ. Suppose this is contained in the
GC orbit of Φ. After possibly acting by contactomorphisms we may assume
(25)
d
dt
Φt = ΦtLXφtΦt,
where φt ∈ C∞b (M) is a smooth path and Xφt is the associated contact vector field.
Let ft be the flow of ΦtXφt . Then
d
dt
f∗t η = f
∗
t
(−dctφt)
= −dc(f∗t φt),
where dct is with respect to the transversal complex structure induced by Φt. The
second equality is because f∗t Φt and Φ induce the same transversal complex struc-
ture from (22). And
(26) f∗t η − η = −dc
∫ t
0
f∗s φs ds.
Define ηt = f
∗
t η, then (η,Φt) is isometric to (ηt, f
∗
t Φt). We have ηt = η + d
cHt
where Ht = −
∫ t
0 f
∗
s φs ds. But since f
∗
t Φt and Φ induce the same transversal
complex structure, we must have f∗t Φt = Φ− ξ ⊗ dHt. 
Remark 2.3.4. This orbit does not effect the harmonic H1b or exact components
in (13). The exact component in (13) is given by the diffeomorphism exp(ψξ) Thus
S(ξ, J) consists of the GC orbit of φ and variations byH1b . But since these variations
do not affect the transversal Ka¨hler structure, this wont cause any issues.
2.4. K-stability for Sasakian manifolds. T. Collins and G. Sze´kelyhidi [42]
defined test configurations and K-polystabiliy for irregular Sasakian manifolds ex-
tending the work of J. Ross and R. Thomas [36] on the quasi-regular case. To
define test configurations for Sasakian manifolds, Collins and Sze´kelyhidi gave an
algebraic interpretation of Reeb vector fields on Sasakian manifolds which we recall
now. Let (M, g, η, ξ,Φ) be a Sasakian manifold, then the metric cone (C(M) =
R+ ×M, g = dr2 + r2g) over (M, g) is Ka¨hler for the complex structure I. As
explained in [42, Section 2], the cone Y = C(M) ∪ {0} is an affine variety with
isolated singularity at 0.
We may consider the cone (Y, ξ) polarized by the Reeb vector field representing a
polarized Sasakian manifold. This is because any two Sasakian structures (g, η, ξ,Φ)
and (g˜, η˜, ξ, Φ˜) with the same polarized cone (Y, ξ) differ as in (13) with α = 0. The
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Reeb vector field generates a torus action T ⊂ Aut(Y ) with ξ ∈ t = Lie(T ), which
of course extends to an algebraic torus action T ⊂ Aut(Y ). Let OY be the structure
sheaf of Y and consider the weight decomposition
H0(Y,OY ) =
∑
α∈WT
H0(Y,OY )α
where WT ∼= Zk, k = dimC T, are the weights of the T-action.
Then from η(ξ) > 0 and [42, proposition 2.1.], α(ξ) > 0 for each weight α ∈
WT \ {0}. It turns out that the fact that the Reeb vector field acts with positive
weights on the non-constant functions of Y gives an algebraic characterization of
the Reeb cone:
{ξ′ ∈ t : η(ξ′) > 0} = {ξ′ ∈ t : −√−1α(ξ′) > 0, ∀α ∈ WT \ {0}}.
It suggests the following algebraic definition of a Reeb field:
Definition 2.4.1. A Reeb field on an affine scheme Y with torus T ⊂ Aut Y is an
element ξ′ ∈ t such that
−√−1α(ξ′) > 0 ∀α ∈ WT \ {0}.
On the polarized cone (Y, ξ) it remains to define the notion of a compatible
Ka¨hler metric.
Definition 2.4.2. A Ka¨hler metric on an affine scheme Y is compatible with a Reeb
field ξ ∈ t if there exists a ξ-invariant function r : Y → R+ such that ω =
√−1
2 ∂∂r
2
and ξ = I(r∂r) where I is the almost complex structure on Y .
Any polarized affine variety (Y, ξ) smooth except at possibly one point admits a
Ka¨hler metric ω compatible with the Reeb field ξ, and (Y, ξ, ω) is the metric cone
over a Sasakian manifold. To see this let T be the torus generated by ξ and choose
sufficiently many T -homogenous generators {f1, . . . , fd}, fi ∈ H0(Y,OY )αi , αi ∈
WT , then
(f1, . . . , fd) : Y → Cd
is an embedding with T acting diagonally on Cd. Then there exists a Sasakian
structure on the sphere S2d−1 with Reeb vector field ξˆ restricting to ξ. In particu-
lar, a Sasakian manifold (M, g, η, ξ,Φ) can equivalently be defined as an algebraic
scheme Y = C(M) ∪ {0} smooth away from 0 with Reeb vector field ξ and com-
patible Ka¨hler metric ω.
We can now recall the definition of test configurations for Sasakian manifolds
from [42]. Let Y be an affine variety polarized by a Reeb vector field ξ ∈ t, with
t = Lie(T ) and T ⊂ Aut(Y ).
Definition 2.4.3. A T-equivariant test configuration for Y is a set of T -homogeneous
elements {f1, ..., fk} that generate H0(Y,OY ) in sufficiently high degrees together
with a set of integers {w1, ..., wk}.
This definition generalizes the usual test configurations for polarized manifolds
or orbifolds. Given the set of generators {fj}, we can embed Y into Ck and consider
the C∗-action on Ck with weights (w1, . . . , wk). Then the flat limit Y0 over 0 ∈ C
of the C∗-orbit of Y provides a flat family of affine schemes over C. Moreover, the
central fiber Y0 is invariant under the C
∗ action defined by the weights {wj}. We
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will say that this test configuration is a product configuration if Y0 is isomorphic to
Y .
Let υ be a generator of the C∗ action on Y0 defined by the weights {wj}. A
weight is assigned to the test configuration, Fut(Y0, ξ, υ), the so-called Donaldson-
Futaki invariant. This weight was first defined by Futaki in the smooth case [19],
and then generalized by Donaldson to the algebraic setting [11]. Lastly, making use
of the Hilbert series, Collins and Sze´kelyhidi managed to extend the definition to
the Sasakian case. See [42, Definition 5.2.].
Definition 2.4.4. A polarized affine variety (Y, ξ) is K-semistable if, for every
torus T , ξ ∈ Lie(T ), and every T -equivariant test configuration with central fiber
Y0, the Donaldson-Futaki invariant satisfies
Fut(Y0, ξ, υ) ≤ 0
with υ a generator of the induced C∗ action on the central fiber.
It is K-polystable if the equality holds if and only if the T -equivariant test con-
figuration is a product configuration.
We will only make use of the Futaki invariant for smooth test configurations,
so we wont need it in its full generality. In [7] the Futaki invariant is adapted to
the Sasakian case. In this case it gives a character on the transversely holomorphic
vector fields. A transversely holomorphic vector field is a complex vector field
X which projects to a holomorphic vector field on every holomorphic foliation
chart (8). We assume that X is Hamiltonian, i.e. has a potential, so there is an
H ∈ C∞b (M,C) with ∂H = − 12dη(X, ·). Then the Futaki invariant is
(27) Fξ,Φ(X) = −
∫
M
H(s− s0) dµη,
and only depends on the polarization and transversal complex structure.
The next lemma essentially shows that for smooth Sasakian manifolds both these
definitions are the same.
Lemma 2.4.5. Let (M0, ξ0,Φ0) be a polarized Sasakian manifold with correspond-
ing affine Ka¨hler cone (Y0 = C(M0), ξ, ω0). Suppose υ is the generator of a holo-
morphic C∗-action on Y0 commuting with ξ. Then, there is a constant c(n) > 0
depending only on the dimension such that
Fut(Y0, ξ, υ) = c(n)Fξ,Φ0(υM0).
Proof. Since υ|M0 commutes with ξ, it induces a transversally holomorphic vector
field υM0 on (M0, ξ,Φ0).
First, suppose ξ is quasi-regular. We will show the Donaldson-Futaki invariant
computed on the quotient polarized orbifold (X,L) is equal to (27). We basically
extend the computations in [36, Sect. 2.9]. Recall from [36] that the orbifold
Riemann-Roch gives
h0(X,Lk) = a0k
n + a1k
n−1 + o˜(kn−1)(28)
w(H0(X,Lk)) = b0k
n+1 + b1k
n + o˜(kn),(29)
where w(H0(X,Lk) is the total weight of υ. Here o˜(kn−1) means a sum of terms in
k lower order than n−1 plus terms of the form r(k)δ(k) where r(k) is a polynomial
of degree k and δ(k) is periodic in k of period Ord(X) and average 0.
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Let ω ∈ c1(L) be the orbifold Ka¨hler form on X . Using the induced metric on
KorbX we have the Ricci form ρ ∈ −2πc1(KorbX ). The coefficients
a0 =
1
n!
∫
X
ωn, a1 =
1
4π(n− 1)!
∫
X
ωn−1 ∧ ρ
and
b0 =
1
n!
∫
X
Hωn,
were computed in [36], where H is the Hamiltonian of υ.
Let OP1(1)∗ be the principal C∗-bundle associated to O(1). Form the associated
(X,L)-bundle
(30) (X ,L) := OP1(1)∗ ×C∗ (X,L).
If π : X → P1 is the projection then π∗Lk is the associated bundle of the C∗-
representation H0(X,Lk). We have (cf. [36])
(31) w(H0(X,Lk)) = χ(X ,L)− χ(X,Lk),
where for k >> 1 the right hand side is expressed using (28). This gives
(32) b1 = − 1
2n!
∫
X
c1(L)nc1(KorbX )−
1
n!
∫
X
c1(L)
n.
It was shown by Ross and Thomas (see also [12]) that for associated bundle in
(30) c1(L) = HωFS + ω, where ωFS is the Fubini-Study metric on P1. Note that
KorbX = π
∗KP1 ⊗K, where K is the associated bundle on X to KX as in (30). Then
the same argument gives
c1(K
orb
X ) = (f − 2)ωFS −
1
2π
ρ,
where f is the “Hamiltonian” for the action of υ on KX . Substituting these into
(32) give
b1 = − 1
2n!
∫
X
(ωn + nHωFS ∧ ωn−1) ∧ ((f − 2)ωFS − 1
2π
ρ)− 1
n!
∫
X
ωn
= − 1
2n!
∫
X
(f − 2)ωFS ∧ ωn − n
2π
HωFS ∧ ωn−1 ∧ ρ− 1
n!
∫
X
ωn
= − 1
2n!
∫
X
fωn +
1
4πn!
∫
X
sHωn
=
1
4πn!
∫
X
sHωn,
where the last step follows because f can be shown to be the divergence of υ.
Recall that (cf. [36] and [42]
Fut(Y0, ξ, υ) =
a1b0 − a0b1
a0
,
then substituting the expressions for a0, a1, b0 and b1 gives
Fut(Y0, ξ, υ) =
1
4πn!
∫
X
H(s0 − s)ωn.
For the general case first note that if we rescale ξ˜ = cξ, c > 0, then
Fut(Y0, ξ˜, υ) = c
−(n+1) Fut(Y0, ξ, υ).
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And similarly
Fξ˜,Φ(υ) = c−(n+1)Fξ,Φ(υ).
So the lemma is proved for any ξ proportional to an integral element of t = Lie(T ).
In the irregular case, by [42, Corollary 2], there is a sequence ξj of Reeb vector
fields proportional to integral vector fields on Y0 such that ξj → ξ ∈ t. Both the
transversal Futaki invariant and the Donaldson-Futaki invariant depend continu-
ously on ξj and the result follows at the limit. 
3. Deformations and stability
We are interested in the deformation theory of cscS Sasakian metrics. In this
section we show how the relationship between cscS metrics and stability in the
GIT sense can be used to give an algebraic criterion for deformation of canonical
Sasakian metrics.
3.1. Deformation complexes. We describe two complexes relevant to the de-
formations of a Sasakian structure (M, η, ξ,Φ0) that we will consider. The first
describes deformations of the transversal complex structure of the Reeb foliation
(Fξ, J).
Define Ak := Γ(Λ0,kb ⊗ ν(F )1,0). We have the complex
(33) 0→ A0 ∂b−→ A1 ∂b−→ A2 → · · · ,
which we denote by A•. This is the basic version of the complex used by Kuran-
ishi [27] whose degree one cohomology H1(A•) is the space of first order deforma-
tion of the transversal complex structure J modulo foliate diffeomorphisms. In [16]
and [22] it was shown that H1(A•) is the tangent space to a versal deformation
space of (Fξ, J) preserving the smooth foliation Fξ.
For the second complex, let Ek, k ≥ 1, be the kernel of the map
Λ0,kb ⊗ ν(F )1,0 ∼= Λ0,kb ⊗ Λ0,1 → Λ0,k+1b .
Define Bk := Γ(Ek), k ≥ 1, and B0 := C∞b (M,C). Note that B1 = TΦ0K, and we
define a complex B• by
(34) 0→ C∞b (M,C) P−→ TΦ0K ∂b−→ B2 → · · · ,
where P is (20). The remaining maps are the same operators ∂b as above. Then
H1(B•) is the space of first order deformations of Φ0 modulo the action of GC.
There is a mapping of the complex B• to A•. In degree zero, this is
C∞b (M,C) −→ A0
f 7→ (∂f)♯
where (·)♯ denotes index raising by the transversal Ka¨hler metric. And for k ≥ 1
the mapping is the inclusion.
In many cases these two complexes give the same deformation space.
Proposition 3.1.1. The induced map in cohomology Hk(B•) → Hk(A•), k ≥ 1,
is injective if H0,kb = 0 and is surjective if H
0,k+1
b = 0, where H
0,•
b denotes the
transversal Dolbeault cohomology.
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Proof. Suppose H0,kb = 0 and β ∈ Bk, k ≥ 2. If [β] = 0 in Hk(A), there exists
a γ ∈ Ak−1 with ∂bγ = β. Since ∂bγ ∈ Bk, ∂ skw(γ♭) = skw(∂bγ♭) = 0, where ∂
is the ordinary Dolbeault operator and γ♭ is the section of Λ0,k−1b ⊗ Λ0,1b obtained
from the transversal Ka¨hler form. By assumption there is an α ∈ Γ(Λ0,k−1b ) with
∂α = skw(γ). Let θ = γ−∂bα♯. Since skw(∂bα♯) = ∂α = skw(γ♭), θ ∈ Bk−1. Since
∂bθ = β, [β] = 0 in H
k(B).
If k = 1 and there exists a γ ∈ A0 with ∂bγ = β, then ∂γ♭ = 0. There exists an
f ∈ C∞b (M,C) with ∂f = γ♭. Thus Pf = ∂b∂♯f = β.
Suppose β ∈ Ak, k ≥ 1, ∂bβ = 0 and H0,kb = 0. Write β = β1 + β2 with respect
to
Ak = Bk ⊕ λ0,k+1b .
Then 0 = skw(∂bβ
♭) = skw(∂bβ2) = ∂β2, and there exists γ ∈ Γ(Λ0,kb ) with
∂γ = β2. One easily sees that β − ∂bγ♯ ∈ Bk. 
3.2. Construction of the slice. We will construct a slice for the complex (34)
on a Sasakian manifold (M, η, ξ,Φ0). The transverse metric and the L
2 inner prod-
uct on forms enable us to define Sobolev norms on B• and we can define adjoint
operators P∗ and ∂∗b . Then the space H1(B•) ≃ ker((∂
∗
∂)2 + PP∗) encodes in-
finitesimal deformations of the transverse complex structures that are compatible
with η modulo the action of GC. This space is finite dimensional as it is the kernel
of the fourth order transversely elliptic operator
Φ0 = (∂
∗
b∂b)
2 + PP∗
(cf. [17]).
Let G be the stabilizer of Φ0 in G, then G = Aut(M, η, ξ,Φ0) and is thus com-
pact. This group acts linearly on TΦ0K and on H1(B•). The group G also has a
complexification GC which also acts on these spaces.
Proposition 3.2.1. There is a holomorphic G-equivariant map S from a neigh-
borhood of zero B in H1(B•) into a neighborhood of Φ0 in K such that the GC orbit
of every integrable Φ close to Φ0 intersects the image of S. Moreover, if x and x
′
lie in the same GC orbit in U and S(x) ∈ Ki, then S(x) and S(x′) are in the same
GC orbit in K.
Proof. This follows from arguments of M. Kuranishi [27] adapted to the transver-
sally complex situation and with the complex B• replacing A•.
Recall that KΦ0 ⊂ TΦ0K = B1 is an open subset. Let U := KΦ0 ∩ kerΦ0 .
Then the restriction of the map (17) to U gives holomorphic map Ψ : U → K. We
parametrize complex structures by maps P : T 1,0(Φ0)→ T 0,1(Φ0), i.e. P ∈ B1, as
in Proposition 2.3.1.
Then as in [27] we construct an injective holomorphic map ϑ : B → B1 on a G
invariant restriction B ⊂ U so that ϕ = ϑ(P ) is in Ki and satisfies
N(ϕ) = ∂bϕ+ [ϕ, ϕ] = 0 and P∗ϕ = 0
precisely when
H([ϑ(P ), ϑ(P )]) = 0,
where H is the projection onto the harmonic space. We define the slice to be
S = Ψ ◦ ϑ : B → K. Thus the structures in Ki are parametrized by the vanishing
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of a holomorphic map Θ : B → H2(B•),
Θ(P ) = H([ϑ(P ), ϑ(P )])
The remaining properties follow from the arguments in [9, Lemma 6.1] adapted
to the transversally holomorphic situation. 
Remark 3.2.2. The slice S of the proposition is holomorphic with B and K given
the L2,ℓ topology, i.e. of Banach manifolds. We will fix a slice for some large ℓ.
3.3. Reduction to finite dimensional GIT. Assume now that (M, η, ξ,Φ0) is
a cscS manifold. We consider the problem of finding cscS structures on nearby
(M, η, ξ,Φ). In order to get a finite dimensional moment map we will perturb the
holomorphic slice in Proposition 3.2.1.
Proposition 3.3.1. There exists a G-equivariant C2 map Sˆ from a neighborhood
B of 0 in H1(B•) to K with Sˆ(0) = Φ0, such that µ ◦ Sˆ = (sT − sT0 ) ◦ Sˆ takes value
in Lie(G).
Furthermore, the GC orbit of every integrable smooth Φ close to Φ0 intersects the
image of Sˆ. If x and x′ lie in the same GC orbit in B and Sˆ(x) ∈ Ki, then Sˆ(x)
and Sˆ(x′) are in the same GC orbit in K. Moreover, Sˆ is tangent to S at 0 to first
order.
Here we take C2 to mean that Sˆ is C2 as a map into Kℓ, the space of L2,ℓ K-
contact structures, for some large ℓ. It follows that Sˆ is C2 as a map from B into
the space of Cm K-contact structures, for ℓ > n2 +m.
Proof. We will perturb the map S of Proposition 3.2.1 along GC-orbits to obtain
our new map Sˆ with the stated properties. Let B ⊂ H1(B•) be a G-invariant
neighborhood of zero. We will identify Lie(G) with the corresponding subspace of
basics functions. Let W 2,kb be the orthogonal complement of Lie(G) in L
2,k
b (M,R),
Πk : L
2,k
b (M,R) → W 2,kb the orthogonal projection on this space, and Uk a small
neighborhood of zero inside W 2,kb , where we assume k >
n
2 + 2. Given φ ∈ Uk
and K-contact structure Φ with values in L2,ℓb , for large ℓ, we define F (Φ, φ) to
be the structure f∗1 (η1,Φ1), where (η1,Φ1) = (η + d
cφ,Φ − ξ ⊗ dφ) and f1 is the
diffeomorphism as in Proposition 2.3.3. We would like to apply the implicit function
theorem to
(35)
H : B × Uk → Uk−4
(x, φ) 7→ Πk−4(sT (F (S(x), φ))),
which would give the desired perturbed section Sˆ. But it is not clear that H is
differentiable, since f1 is a L
2,k−2 diffeomorphism so F (S(x), φ) has only L2,k−3
regularity. So we must employ a slightly more complicated argument.
Let D be the group of diffeomorphism of M . This is an ILH Lie group [33, 14],
which is the inverse limit of Dk, k > n2 + 2, the group of L2,k diffeomorphisms of
M . We define
χi : B × Uk → Dk−2−i,
where χi(x, φ) is the diffeomorphism f1 of Proposition 2.3.3 depending on the
Sasakian structure (η + dcφ, S(x) − ξ ⊗ dφ). It is known, see [15], that χi is a
Ci map. In particular, χ := χ2 is C
2. Also, we have
ψ : B × Uk → Dk−4,
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defined by ψ(x, φ) := χ(x, φ)−1 which can be seen to be C2 as follows. Recall that f1
is the t = 1 diffeomorphism of the flow of Vt = ΦtX
t
φ as defined in Proposition 2.3.3.
Then ψ(x, φ) is the t = 1 diffeomorphism of the flow of −V1−t, thus ψ is C2.
Let Lie(G) have an orthonormal basis {σ1, . . . , σr} ⊂ C∞b . Then define
Πk = Id−ΠGk ,
where ΠGk : L
2,k
b → Lie(G) is the orthogonal projection,
ΠGk (f) =
r∑
j=1
σj〈f, σj〉L2 .
Instead of H we consider
(36)
F : B × Uk → Uk−4
(x, φ) 7→ Πk−4
(
ψ(x, φ)∗Πk−4
)
sT (S(x), φ),
where sT (S(x), φ) is the transverse scalar curvature of (η+dcφ, S(x)− ξ⊗dφ). We
have ψ(x, φ)∗Πk−4 = Id− ψ(x, φ)∗ΠGk−4 and
ψ(x, φ)∗ΠGk−4(f) = ψ(x, φ)
∗ ◦ΠGk−4 ◦ χ(x, φ)∗f
= ψ(x, φ)∗
( r∑
j=1
σj〈χ(x, φ)∗f, σj〉
)
=
r∑
j=1
ψ(x, φ)∗σj〈f, ψ(x, φ)∗σj〉η+dcφ,
is easily seen to be C2 on B × Uk. Because σj ∈ C∞b we have that ψ(x, φ)∗σj is a
C2 mapping from U × Uk to L2,k−4b (cf. [15]). Therefore F is C2.
The derivative of F with respect to Uk at the origin is
DF(0,0) = P∗P : W 2,k →W 2,k−4,
which is an isomorphism for all k > n2 +2. Applying the implicit function theorem
for k ≫ 1, we get a C2 mapping
U ∋ x 7→ φ(x) ∈ L2,kb (M),
so that F (x, φ(x)) = 0.
After possibly shrinking B this implies that on B
(37)
(
ψ(x, φ(x))∗Πk−4
)
sT (S(x), φ(x)) = 0.
Since φ(x) ∈ L2,kb (M) for each x ∈ B, we have ψ(x, φ(x)) ∈ Dk−2 for all x ∈ B.
From (37) we have
sT (S(x), φ(x)) ∈ Im
[
ψ(x, φ(x))∗ΠG
]
,
where the right hand side is a finite dimensional spaces of L2,k−2 function. Note
that on any local transverse chart of the Reeb foliation Fξ as in (8) the map
φ 7→ sT (S(x), φ) is elliptic. By well known elliptic regularity φ(x) ∈ L2,k+2b (M).
But then sT (S(x), φ(x)) ∈ L2,kb (M), so elliptic regularity implies φ(x) ∈ L2,k+4b (M).
Continuing, we see that φ(x) ∈ C∞b (M) for each x ∈ B.
It follows that
(38) Sˆ(x) = (η,Φ(x)) := χ(x, φ(x))∗
(
η + dcφ(x), S(x) − ξ ⊗ dφ(x))
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is section of K, which is C2 as a map from B to Kℓ for ℓ = k− 5. Note that at the
cost of shrinking U , one can choose ℓ arbitrarily large. This is also a C2 map from
U to Cmb (M) for ℓ >
n
2 +m by the Sobolev embedding theorem.
The statements about the orbits of GC follow from the same properties of the
slice S of Proposition 3.2.1 since Sˆ is constructed by deforming S along GC orbits.
The G-equivariance of Sˆ can be easily checked from that of S and the other
maps involved. Suppose A ∈ TΦ0K is tangent to Sˆ. We have
〈dsT (A), H〉 = gK(Φ0PΦ0(H), A) = 0, for all H ∈ Cℓb ,
since dsT (A) ∈ Lie(G) and PΦ0(H) = 0 for H ∈ Lie(G). Thus A is orthogonal
to Im(Φ0PΦ0) and one can check by differentiating (38) that the component of
Im dSˆ(0) not tangent to S is in Im(Φ0PΦ0). 
Let U ⊂ H1(B•) be a G-invariant neighborhood as above, then the pullback of
the moment map µ = sT − sT0 to U by Sˆ is a moment map for the G-action on U
with respect to the pullback of the symplectic form ΩK on K by Sˆ, denoted Ω. Note
that the pulled back moment map µ on U is C2 and Ω is C1. We have reduced the
problem of finding zeros of the moment map µ to a finite dimensional Hamiltonian
system (U,G,Ω, µ). But note that this problem is slightly complicated by the fact
that Ω is not Ka¨hler.
Proposition 3.3.2. Suppose that x ∈ U , after possibly shrinking U , is polystable
for the GC-action on H1(B•). Then there is y in the GC-orbit of x such that
sT (Sˆ(y)) − sT0 = 0. If in addition Sˆ(x) is integrable, then the corresponding cscS
manifold (M, η, Sˆ(y)) is a deformation of (M, η, Sˆ(x)) as in (12).
Proof. Let Ω be the restriction of the symplectic form ΩK of K to U ⊂ H1(B•)
via Sˆ. Thus the restriction of the moment map µ : U → Lie(G) is a moment map
for G. Also, let Ω0 be the linear symplectic form on H
1(B•) induced by Ω at the
origin. And write
ν : H1(B•)→ Lie(G)
for the corresponding moment map for the flat Ka¨hler structure (Ω0, J), where J
is the vector space complex structure on H1(B•). Let σx : Lie(G) → TxU be the
infinitesimal action, then
〈ν(x), ξ〉 = 1
2
Ω0(σxξ, x), for ξ ∈ Lie(G).
We have µ(0) = 0 by assumption, and dµ0 = 0 because 0 ∈ U is a fixed point of
the G-action. It is also routine to check that
d2
dt2
µ(tx)|t=0 = 2ν(x).
Therefore by Taylor’s theorem we have
(39) µ(tx) − ν(tx) = o(t2),
with lim
t→0
|µ(tx)−ν(tx)|
t2
= 0 converging to 0 uniformly in x ∈ U . Given δ > 0 and
C > 0 we may shrink U so that Ct−2|µ(tx)− ν(tx)| < δ.
If x ∈ U is polystable for the GC-action, then by the Kempf-Ness theorem there
is a zero x0 of ν in the G
C orbit of x. Since this is given by minimizing the norm
over GC · x, the zero will be in U .
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For x ∈ U ⊂ H1(B•) let Kx ⊂ G the stabilizer of x and kx its Lie algebra. We
have Ktx = Kx. Then for ξ ∈ kx
d
dt
〈µ(tx), ξ〉 = Ωtx(σtx(ξ), x) = 0.
Thus for all x ∈ U we have µ(x) ∈ k⊥x .
We also shrink U so that Ω(X, JX) ≥ 12Ω0(X, JX), ∀X ∈ TU .
Define functions h = ‖ν‖2 and f = ‖µ‖2 on U , where the norms are given
by invariant metrics on Lie(G). Note that f is the Calabi functional. We have
dhx(w) = 2Ω0(σxν(x), w), w ∈ TxU .
Let x0 be a point with ν(x0) = 0. We consider the restriction of f and h to the
orbit GC · x0. Note that both f and h are invariant under G. Let R ⊂ GC · x0 be
a local slice through x0 for the G action on G
C · x0 invariant under Kx0 . Clearly
dhx0 = 0. The Hessian at of h at x0 is
(40) d2x0h(v, w) = 2
m∑
j=1
Ω0(σx0ej , v)Ω0(σx0ej , w),
where {e1, . . . , em} is an orthonormal basis of k⊥x0 . If v ∈ Tx0R then v = Jσx0η for
η ∈ k⊥x0 . And
d2x0h(v, v) =
m∑
j=1
g0(σx0ej, σx0η)
2 > 0,
for v 6= 0.
There exists constants ǫ > 0 and δ2 > δ1 > 0 so that h < ǫ
2 on Bδ1(x0), ball
of radius δ1 in R, while h > 9ǫ
2 on A = B2δ2(x0) \ Bδ2(x0). We will identify the
slice R and the above neighborhood in the obvious way when x0 is replaced with
tx0, 0 < t < 1. By shrinking U we may assume ‖µ(tx) − ν(tx)‖ ≤ 12ǫt2, which
implies that
‖µ(tx)‖ ≥ 5
2
ǫt2 on A
and
‖µ(tx)‖ ≤ 3
2
ǫt2 on Bδ1 .
So on the slice R through tx0 there exists a minimum of f at x ∈ Bδ2 . Since
0 = dfx(v) = 2Ω(σxµ(x), v) on G
C · tx0 we have
0 = 2Ω(σxµ(x), Jσxµ(x)) ≥ Ω0(σxµ(x), Jσxµ(x))
= g0(σxµ(x), σxµ(x)).
Thus µ(x) ∈ kx and µ(x) = 0 since we have µ(x) ∈ k⊥x .

This proposition gives an algebraic, finite dimensional way to obtain deforma-
tions of cscS metrics.
Remark 3.3.3. In the Ka¨hler case, i.e. (M, η, ξ,Φ0) is a regular Sasakianmanifold,
gives the local moduli of csc metrics. The proposition proves that locally every
polystable orbit contains a csc metric. The results of X. Chen and S. Sun [9] show
the necessity and uniqueness. More precisely, they show that only polystable orbits
contain csc metrics and they are unique up to the action of G. Thus the local
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moduli is given by a neighborhood of zero in the GIT quotient H1(B•)//GC. The
necessity of polystability and uniqueness in the csc Sasakian case is still open.
Remark 3.3.4. All these results extends to the extremal setting, using relative
versions of group actions containing the extremal vector field. See [35].
3.4. Deformations and K-stability. In this section, we show that if a Sasakian
manifold is obtained by a small deformation of the transverse complex structure
of a cscS manifold, then K-polystability is a sufficient condition to admit a cscS
metric. We also show that a small deformation of a cscS metric is K-semistable.
Theorem 3.4.1. Let (M, η, ξ,Φ0) be a cscS manifold and (M, η, ξ,Φ) a nearby
Sasakian manifold with transverse complex structure J¯ . Then if (M, η, ξ,Φ) is
K-polystable, there is a constant scalar curvature Sasakian structure in the space
S(ξ, J¯).
Proof. Consider the map Sˆ from Proposition 3.3.1. If Φ is close enough to Φ0, then
up to the action of GC there is x ∈ U ⊂ H1(B•) such that Sˆ(x) = Φ. Assume
for the moment that the K-polystability of (M, η,Φ) implies the polystability of
x under the action of GC in U , where G is the stabilizer of Φ0 in K under the G
action. Then by proposition 3.3.2 the result follows. What remain to be shown is
that if x is not polystable in U , then (M, η,Φ) is not K-polystable.
Consider a one parameter subgroup
ρ : C∗ → GC
such that
∃ lim
λ→0
ρ(λ) · x = x′ ∈ U
with x′ polystable. Note that we can assume ρ(S1) ⊂ G, the stabilizer of Φ0. We
will build a destabilizing test configuration for (M, η,Φ) from this one parameter
subgroup.
Note that the polarized affine cones defined by (M, ξ, Sˆ(x)) and (M, ξ, S(x)) are
biholomorphic. In fact by the construction of Sˆ the Sasakian structures differ as
in Proposition 2.3.3. So it is enough to construct a destabilizing test configuration
for (M, ξ, S(x)).
We have a holomorphic map
F : ∆→ Ki,
where ∆ ⊂ C is the unit disk, F (λ) = S(ρ(λ) ·x) for λ ∈ ∆\{0}, and F (0) = S(x′).
Our test configuration will be Y = Y ×∆ as a smooth manifold with Y , the cone
for S(x). The complex structure on Y × {t} is given by F (t), and the rest of the
complex structure is given by the holomorphic map F . The S1-action on Y is given
by
ρ(τ)(y, t) = (ρ(τ)y, τt),
and extends to a holomorphic C∗-action. Furthermore, the real torus T generated
by ξ acts fiber-wise on Y.
To see this gives a test configuration as in Definition 2.4.3 choose a subgroup
S1 ⊂ T generated by ζ in the Reeb cone. Then quotienting by the C∗ generated
by this action gives an orbifold test configuration (X ,L) where L is a positive
orbifold bundle, with the C∗-action generated by ρ. As in [36] we can embed X in a
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weighted projective bundle P(⊕i(π∗Lwi)∗) over ∆, for large enough wi ∈ N, where
the summands are preserved by T . Then the ρ action on (X0,L0) induces a C∗-
action on V = ⊕iH0(X0,Lwi). This induces a diagonal action on V × C inducing
ρ on Y ⊂ V × C. Then the {fi} come from picking T -homogeneous elements of
the summands of V , and the {wi} are the weights of ρ on these elements. Thus we
have T-equivariant test configuration Y for (Y1, ξ) with central fiber Y0.
Since x′ is polystable, Y0 = Sˆ(x′) has a cscS structure in its GG orbit from
Proposition 3.3.2. From Lemma 2.4.5, the Donaldson-Futaki invariant of this test
configuration is the usual transversal Futaki invariant which vanishes because Y0
admits a cscS structure. Moreover, the stabilizer of Φ′ = S(x′) in G is strictly
greater than that of Φ because x′ is in the closure of the orbit of x. Then the
automorphism group of Y1 is smaller than the automorphism group of Y0 and this
test configuration is not a product. Thus (M, η,Φ) is not K-polystable, which ends
the proof. 
Theorem 3.4.2. Let (M, η, ξ,Φ0) be a cscS manifold. Then any small deformation
(M, η, ξ,Φ) which is Sasakian is K-semistable.
Proof. In [42] the following inequality of Donaldson [12] is proved for a Sasakian
manifold (M, η, ξ,Φ) with polarized cone (Y, ξ). For any test configuration of (Y, ξ)
we have
(41) inf
g∈S(ξ,J¯)
(Cal(g))
1
2 ‖υ‖ξ ≥ c(n) Fut(Y0, ξ, υ)
where c(n) > 0 is a constant that only depends on the dimension n. See [42] for
the definition of the norm ‖υ‖ξ.
We may assume that Φ = Sˆ(x) for some x ∈ U . If x is in a polystable orbit
then it admits a csc representative in S(ξ, J¯) and is thus K-semistable. Thus we
may assume that x is in a non-polystable orbit under the action of GC. If (Y, ξ)
is the polarized cone of Sˆ(x) then there is a test configuration Y with π−1(1) =
Y1 = (Y, ξ) and central fiber Y0 corresponding to a polystable x
′ ∈ U . Since Y is
smooth π : Y → ∆ ⊂ C is a submersion, and by Ehresmann’s theorem there is a
diffeomorphism
F : C(M)×∆→ Y,
where C(M) = (Y, ξ). Furthermore we may take F to be T -equivariant, where T is
the torus generated by ξ. Then F defines a smooth family of Sasakian structures on
M denoted byMz, z ∈ ∆. By Proposition 3.3.2 the central fiber Y0 = C(M0) where
M0 is a Sasakian manifold (M, η0, ξ,Φ0) with a cscS deformation in S(ξ, J¯0). That
is, there is a T -invariant φ ∈ C∞b (M0) so that η˜ = η0 + dcφ and ω˜T = ωT + 12ddcφ
defines a cscS structure. Using F we see that the deformed structure (η˜z , ξ, Φ˜z, g˜z)
of Mz with η˜z = ηz + d
cφ is a Sasakian structure for |z| < ǫ for some small ǫ > 0.
Then we see that (η˜z , ξ, Φ˜z, g˜z), |z| < ǫ, z 6= 0, is a family of Sasakian structures
in S(ξ, J¯) with limz→0 Cal(g˜z) = 0, since the metrics g˜z converge uniformly to the
csc structure (η˜0, ξ, Φ˜0, g˜o). The Theorem now follows from (41). 
4. Examples
We give some examples of cscS manifolds for which the previous results give
nontrivial cscS deformations giving new cscS metrics. We also get some examples
which are K-semistable but not K-polystable.
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4.1. Toric Sasakian manifolds. We give some toric 5-dimensional cscS manifolds
with nontrivial deformations. The examples are quasi-regular and are given by ex-
plicit cones over two dimensional fans describing orbifold toric surfaces. But mod-
ifications of the following arguments using nonrational polytopes as in [1] and [28]
should give irregular examples also.
Proposition 4.1.1. Let (M2m+1, g, η, ξ,Φ) be a compact toric Sasakian manifold.
Then H1(M,R) = 0 and the basic Hodge numbers satisfy h0,kb = 0 for k ≥ 1.
Proof. Let γ ∈ H0,kb be harmonic. Then γ ∈ Γ(Λk,0b ) is a basic, transversely holo-
morphic form. The torus Tm+1 acts on M preserving the foliation an transversely
holomorphic structure. Let {ei}i=1,...,m+1 be a basis of t = Lie(T ) with em+1 = ξ.
At any point of M , in an open dense set, linear combinations of {ei}i=1,...,m span
the transversal holomorphic tangent space. Let f1 ∧ · · ·∧ fk ∈ Γ(ΛkTM) where the
fi are linear combinations of {ei}i=1,...,m. Then γ(f1∧ · · · ∧ fk) is constant because
it basic and transversely holomorphic. But there exists strata where f1∧· · ·∧fk = 0
if k ≥ 1, so this constant must be zero.
Suppose β ∈ H1g is harmonic. Since β is invariant under T , Lξβ = dξ y β = 0.
Thus ξ y β = c and an easy argument shows c = 0. Thus H1g ∼= H1b = 0, by the
above. 
If follows from Proposition 3.1.1 that if M is a toric Sasakian manifold
Hk(A•) = Hk(B•), for k ≥ 1.
A toric orbifold surface is described by a fan Σ with 1-dimensional cones
Σ(1) = {u1, . . . , ud},
where ui ∈ Z2, i = 1, . . . , d are not necessarily primitive. Then an orbifold polar-
ization is given by a polytope ∆ defined by
〈ui, x〉 ≤ λi, λi ∈ Z, i = 1, . . . , d.
Denote by X∆ the polarized surface. Then the vectors wi = (ui, λi) ∈ Z3 span
a cone in Z3 defining the polarized affine toric variety (Y, ξ), with polarization
ξ = (0, 0, 1) giving the cone over a toric Sasakian manifold.
As in [11] we define a measure dσ on ∂∆ which on the edge defined by 〈uk, x〉 ≤
λk is
dσ :=
1
|uk|dσ0,
where dσ0 is the Lebesgue measure. The average of the scalar curvature S0 of a
Ka¨hler metric is an invariant of the polarization, and is given by
(42) S0 =
∫
∂∆
dσ∫
∆
dµ
.
S. Donaldson [13] proved that K-polystability with respect to toric degenerations
implies the existence of a constant scalar curvature Ka¨hler metric. In general
K-polystability is difficult to check, but B. Zhou and X. Zhu [48] gave a simple
condition implying K-polystability relative to toric degenerations.
Suppose the Futaki invariant of X∆ vanishes. This is equivalent to the vanishing
of
L(θ) :=
∫
∂∆
θ dσ − S0
∫
∆
θ dµ
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for all affine linear functions θ. If
(43) S0 <
n+ 1
λi
, i = 1, . . . d,
then X∆ is K-polystable for toric degenerations. Donaldson’s result then implies
that X∆ admits a constant scalar curvature Ka¨hler metric.
Consider CP1 × CP1 with the Zq-action
α · ([x1, y1], [x2, y2]) = ([αx1, y1], [αx2, y2]), for α ∈ µq,
where µq ⊂ C∗ is the group of q-th roots of unity. Then CP1 × CP1/Zq is a toric
surface with fan Σq given by
Σ(1) = {e1, e1 + qe2,−e1,−e1 − qe2}.
For simplicity we restrict to q = 3, shown in Figure 4.1.
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Figure 1. CP1 × CP1/Z3
Then the toric minimal resolution of CP1 × CP1/Z3 has Σ(1) given by u1 =
(1, 0), u2 = (1, 1), u3 = (1, 2), u4 = (1, 3), u5 = (0, 1), u6 = −u1, . . . , u10 = −u5.
If one chooses (λ1, . . . , λ10) = (9, 8, 8, 10, 6, 9, 8, 8, 10, 6), then one gets a polytope
with this fan and one computes using (42) that
S0 =
12
15
+
8
√
10
345
+
2
√
5
115
+
2
√
2
115
= 0.24115 . . . .
The inequalities (43) are clearly satisfied. Then the toric affine variety Y defined by
the wi as above, w1 = (1, 0, 9), w2 = (1, 1, 8), . . . , w10 = (0,−1, 6), is the polarized
cone over a cscS manifold (M, g, ξ).
Let Σˆ be the cone spanned by the wi, i = 1, . . . , d. We are interested in the de-
formations of YΣˆ preserving ξ = (0, 0, 1). Consider the weight space decomposition
of H1(B) = H1(A) under T3
H1(A) =
⊕
R∈W
H1(A)(R),
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where clearly each non-trivial term has R vanishing on ξ. The work of N. Ilten
and R. Vollmert [24, 46] constructs deformations corresponding to a homogeneous
componentH1(A)(R) from admissible Minkowski decompositions of ΣˆR = Σˆ∩{R =
1}. With R = e∗1 for this example, Σˆe∗1 has a three term admissible Minkowski
decomposition
Σˆe∗
1
= ∆0 +∆1 +∆2
giving a 2-parameter deformation spanning H1(A)(e∗1). Similarly, we have a 2-
parameter deformation spanning H1(A)(−e∗1).
Proposition 4.1.2. LetM be a toric Sasakian 5-manifold, then H2(B) = H2(A) =
0.
Proof. Note that H2(A) = H0∂b(Λ2,0 ⊗ Λ1,0), while the latter consists of trans-
versely holomorphic sections and is easily seen to be zero by evaluating a section
on holomorphic vector fields generated by T3. 
Thus we have a 4-parameter family of deformations
H1(A)(e∗1)⊕H1(A)(−e∗1)
which are integrable by Proposition 4.1.2. The polystable elements with respect
to T3, the complexification of the identity component of the isometry group of
(M, g, ξ), are (0, 0) and (x1, x2) with x1 6= 0 and x2 6= 0. The latter give cscS
metrics with a T 2 group of isometries. The remaining orbits (x1, 0) and (0, x2) give
examples that are K-semistable but not K-polystable by Theorems 3.4.1 and 3.4.2.
In the second example we consider a cone over a partial resolution of CP1 ×
CP1/Z3. Let Σˆ be the cone spanned by w1 = (1, 0, 9), w2 = (1, 1, 7), w3 = (1, 3, 10), w4 =
(0, 1, 6), w5 = (−1, 0, 9), w6 = (−1,−1, 7), w7 = (−1,−1, 10), w8 = (0,−1, 6). It is
easily seen to be strongly convex with each pair of successive rays extending to a
basis of Z3. Thus YΣˆ is a toric affine cone smooth away from the vertex and the
cone over a toric Sasakian 5-manifold M .
Using (42) we compute
S0 =
20
223
+
6
√
10
223
+
14
√
2
223
= 0.26355 . . .
and the inequalities (43) are satisfied. And YΣˆ is the cone over a toric cscS manifold
(M, g, ξ).
Using the same arguments as above and the fact that Σˆe∗
1
has a two term ad-
missible Minkowski decomposition, we have a 2-parameter family of deformations
H1(A)(e∗1)⊕H1(A)(−e∗1).
The polystable elements with respect to T3 are (0, 0) and (x1, x2) ∈ H1(A)(e∗1) ⊕
H1(A)(−e∗1) with x1x2 6= 0. The remaining orbits are not K-polystable but are
K-semistable.
For the third example we consider a non-regular modification of the first example.
Define Σˆ to be the cone spanned by w1 = (1, 0, 9), w2 = (1, 1, 8), w3 = (1, 2, 8), w4 =
(1, 3, 10), w5 = (0, 3, 10), w6 = (−1, 0, 9), w7 = (−1,−1, 8), w8 = (−1,−2, 8), w9 =
(−1,−3, 10), w10 = (0,−3, 10). We compute
S0 =
32
265
+
8
√
10
795
+
6
√
5
265
+
6
√
2
265
= 0.23522 . . . ,
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and inequalities (43) are easily seen to be satisfied, so we have a cscS metric. In
this example Σˆe∗
1
has a three term admissible Minkowski decomposition, and we
get a 4-parameter family of deformations
H1(A)(e∗1)⊕H1(A)(−e∗1).
Again, the polystable orbits are (0, 0) and (x1, x2) with x1 6= 0 and x2 6= 0.
One can construct an unlimited number of examples by taking cones over partial
resolutions of CP1 × CP1/Zq as in these examples.
4.2. 3-Sasakian manifolds. A 3-Sasakian manifold is a Riemannian manifold
(M, g) admitting three Sasakian structures (ηi, ξi,Φi), i = 1, 2, 3 with [ξi, ξj ] =
−εijkξk, where εijk is antisymmetric and ε123 = 1. Thus {ξ1, ξ2, ξ3} generate the
Lie algebra sp(1) of Sp(1). Thus Sp(1) acts by isometries on (M, g) rotating the
Sasakian structures. See [3] and [4] for details.
We remark that a 3-Sasakian structure on (M, g) is equivalent to a hyperka¨hler
structure on (C(M), g = dr2 + r2g). Thus M must be of dimension n = 4m − 1
and (M, g) is Sasaki-Einstein with Einstein constant 4m− 2.
Fix a Sasakian structure, say (η, ξ,Φ) := (η1, ξ1,Φ1). Since (M, g) has posi-
tive Ricci curvature, standard vanishing theorems and Proposition 3.1.1 imply the
following.
Proposition 4.2.1. For (M, η, ξ,Φ) we have H1(B) = H1(A) and H2(A) = 0.
The element τ = e
pi
2
j ∈ Sp(1) acts on (η, ξ,Φ) by τ ·(η, ξ,Φ) = (−η,−ξ,−Φ). We
consider deformations equivariant with respect to τ . We have a conjugate linear
isomorphism
τ∗ : H1(A)→ H1(A).
Since τ2 = Id, this is a real structure and we define ReH1(A) to be the subspace
fixed by τ∗.
Let G = Aut(η, ξ,Φ)0 be the identity component of the automorphism group. By
the Hilbert-Mumford criterion one gets that the decomposable element of ReH1(A)⊗
C are polystable for the action of GC. If one takes a 1-parameter subgroupC∗ < GC,
then we may assume U(1) ⊂ C∗ is contained in G by acting by conjugation. Con-
sider weight space decomposition
H1(A) =
⊕
k∈Z
Vk,
and τ∗(Vk) = V−k. Therefore if a decomposable element of ReH1(A) ⊗ C has a
nonzero component in Vk it also does in V−k.
Theorem 4.2.2. Suppose (M, g) is a 3-Sasakian manifold and (η, ξ,Φ) is a fixed
Sasakian structure. Then the decomposable elements of ReH1(A)⊗C give integrable
Sasaki-Einstein deformations.
In particular, if H1(A) 6= 0, then (M, g) admits a non-trivial Sasaki-Einstein
deformation.
In finite families of toric 3-Sasakian 7-manifolds were constructed in [6]. These
include infinitely many examples for each second Betti number b2(M) = k ≥ 1.
With respect to a fixed Sasakian structure (η, ξ,Φ) if b2(M) > 1 then Aut(M, η, ξ,Φ)0 =
T 3 (cf. [43]). And one has the following.
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Proposition 4.2.3 ([43]). Let (M, g) be a toric 3-Sasakian 7-manifold. Then with
respect to a fixed Sasakian structure one has
dimH1(A) = b1(M)− 1,
and H1(A) = H1(A)T 3 .
Since T3 = T 3
C
acts trivial on H1(A), all the elements are trivially polystable.
Therefore we get a second proof of a result proved analytically in [45].
Theorem 4.2.4. Let (M, g) be a toric 3-Sasakian 7-manifold. Then (M, g) admits
a complex b2(M)− 1 dimensional space of Sasaki-Einstein deformations.
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